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Abstract
We combine notions of a maximal curvature scale in nature with that of a minimal curvature scale
to construct a non-singular Schwarzschild-de Sitter black hole. We present an exact solution within
the context of two-dimensional dilaton gravity. For a range of parameters the solution approaches
Schwarzschild-de Sitter at large values of the radial coordinate, asymptotically approaching a de
Sitter metric with constant minimal curvature, while approaching a maximal constant curvature
smooth spacetime as the radial coordinate approaches zero. The spacetime is geodesically complete
and generically has both a black hole horizon and a cosmological horizon.
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1 Introduction
There are few puzzles in theoretical physics more vexing than the enigmatic singularity
on the interior of a black hole. This physical impossibility, is assumed to be conveniently
hidden from the distant observer by an event horizon. According to Einstein’s theory of
General Relativity (GR), an observer falling into the black hole will inevitably encounter
ever-increasing destructive tidal forces on his way towards the singularity, a fate guaranteed
by the singularity theorems of Hawking and Penrose [1]. The singularity event occurs at
extremely high curvatures, near the Planck scale. At such a high scale it is known that
General Relativity breaks down, leading many physicists to speculate that the singularity
might somehow be tamed by higher order corrections to GR or quantum gravitational effects.
One, now well-known, idea of how the singularity might be resolved is realized in the Lim-
iting Curvature Hypothesis (LCH) [2]. Markov’s hypothesis rests on the fact that, given the
existence of a fundamental natural length scale `f , all curvature invariants will be bounded,
e.g. the Kretschmann scalar RαβγδR
αβγδ ≤ `−4f . Bounding all curvature invariants ensures
the absence of curvature singularities in the theory. In addition, if the corresponding lim-
iting curvature is appreciably below the Planck scale, any quantum effects can be safely
ignored. As a result, the LCH has been used to remove not only black hole singularities but
cosmological big-bang curvature singularities as well [3–16].
In this paper we follow the LCH construction of a nonsingular black hole in 2D dilaton
gravity found in [7]. However, in addition to a maximal limiting curvature we apply the
minimimal curvature conjecture (MCC) introduced in [19]. By limiting the curvature at
both extrema we find an exact solution corresponding to a nonsingular Schwarzschild-de
Sitter (SdS) black hole. Two-dimensional dilaton gravity is the most general action for grav-
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ity with a scalar field in two-dimensions (see e.g. [18]). It is only natural to question the
physical validity of a 2D theory; however, there are strong motivations for using the theory
to capture possible aspects of quantum gravity, and significant progress has been made in
2D theories that recover aspects of higher-dimensional gravitational theories. Furthermore,
our two dimensional theory allows for a completely analytic treatment and it is our hope the
solution captures non-perturbative features of the physics, evaporation, and the final state
of realistic four-dimensional black holes. This hope is bolstered by past work. For example,
It has been established that many thermodynamic properties of black holes in higher dimen-
sions can be captured by the thermodynamics of black holes in 2D dilaton gravity [18, 20].
Specifically, it has been shown that the Bekenstein-Hawking (BH) entropies of dilaton black
holes and p-branes are exactly reproduced by the BH entropy of 2D dilaton black holes.
Further motivation is provided by the successful generalization of a nonsingular cosmology
in two-dimensions [9], to a nonsingular cosmology in four-dimensions [11]. Inspired by these
successes, it is our hope this work will serve as a stepping stone towards the construction of
a more realistic 4D solution.
Altering the traditional black hole solution by removing the singularity has important
consequences for the early universe, the nature of dark matter, Hawking radiation and as-
sociated phenomena such as firewalls and the information loss problem. We return to these
considerations below.
2 Two Dimensional Gravity
Our starting point is a D = 1 + 1 dimensional, dilaton gravitational theory. This simple yet
rich theory allows for exact analytic computation of our solution. In addition to its tractabil-
ity, several aspects of four-dimensional theories can be captured in the two-dimensional case,
including aspects of perturbative quantum gravity and black hole thermodynamics (for a
review see [17]). The most general Lagrangian in 2D for gravity and a scalar is [18]:
S =
∫
d2x
√−g
(
D(Φ)R + G(Φ) (∇Φ)2 +H(Φ)
)
,
were g is the determinant of the metric tensor gµν , R is the Ricci scalar and Φ is the dilaton
scalar field. After the Weyl rescaling
gµν → e2σ(Φ)gµν , (2.1)
and requiring that
4
dσ
dΦ
dD
dΦ
= −G(Φ) , (2.2)
it is possible to conformally transform away the kinetic term for Φ:
S =
∫
d2x
√−g (D(Φ)R + V(Φ)) , (2.3)
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where V(Φ) = e2σ(Φ)H(Φ).
Varying this action with respect to Φ and the metric tensor gµν yields
−∂V(Φ)
∂Φ
=
∂D(Φ)
∂Φ
R (2.4)
V(Φ) gµν = 2(gµν∇2 −∇µ∇ν)D(Φ) , (2.5)
respectively. We now choose D(Φ) = 1/Φ.
3 Nonsingular SdS Black Hole Solution
We assume a static metric ansatz with timelike Killing vector Kµ = (∂t)
µ
ds2 = −n(r)dt2 + p(r)dr2 . (3.6)
The equations of motion may be obtained by varying the action with respect to n, Φ and p
respectively:
p2Φ3V(Φ)− 4pΦ′2 − p′Φ′Φ + 2pΦΦ′′ = 0 (3.7)
pn′2 − nn′p′ + 2n2p2Φ2∂V
∂Φ
− 2npn′′ = 0 (3.8)
npΦ2V(Φ) + Φ′n′ = 0 . (3.9)
Choosing the “Schwarzschild gauge” p(r) = 1/n(r), the EOM become
Φ3V(Φ)− 4nΦ′2 + n′Φ′Φ + 2nΦΦ′′ = 0 (3.10)
∂V
∂Φ
+ Φ−2n′′ = 0 (3.11)
V(Φ) + Φ−2Φ′n′ = 0 . (3.12)
3.1 Extrema Curvature Conjecture
In accordance with the limiting curvature hypothesis we now identify a class of potentials
V(Φ) that will ensure R remains bounded for all values of the radial coordinate r from 0 to
∞. As R is the only curvature invariant in D = 2, the LCH now ensures the spacetime is
free of curvature singularities.
The form of the potential is restricted by considering the behavior of the system at low
and high curvatures. We now assume the existence of a minimal curvature scale R = Rmin,
as in the minimal curvature conjecture [19]. In a four-dimensional cosmology with flat
Friedmann-Robertson-Walker (FRW) universe with metric
ds2 = −dt2 + a2(t)dxidxi , (3.13)
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Figure 1: Conformal diagram for Schwarzschild-de Sitter spacetime. There are analytic
continuations to the left and right of the diagram. Thus, to avoid an infinity of black hole
and white hole singularities (horizontal dashed lines at r = 0) one typically identifies along
the left and right vertical dashed lines to achieve a single white hole singularity in the past
and a single black hole singularity in the future. The spacetime has both a black hole horizon
at r = rb and a cosmological horizon located at r = rc. In the model under consideration the
singularity at r = 0 will be replaced by a smooth spacetime of constant maximal curvature.
the minimal curvature scale may be parameterized by a cosmological constant Λ, and is given
in terms of the Hubble parameter H = a˙/a, by Rmin = 12H
2 = 4Λ. In the SdS spacetime
under consideration, we asymptotically approach a minimal curvature de Sitter spacetime
at infinity, and the desired solution for n(r) should reduce to the Schwarzschild de-Sitter
solution, requiring
n(r)→ 1− 2m
r
− Λr
2
3
when r →∞, Φ→ 0 . (3.14)
At this point it is instructive to consider the structure of an ordinary, singular, Schwarzschild-
de Sitter spacetime. For this purpose, a Penrose diagram for the SdS solution is presented
in Fig. 1.
In addition to the minimal curvature we make a Markovian assumption of a maximal,
high energy curvature scale Rmax, such that R ≤ Rmax [2], which is reached deep inside of
the black hole, replacing the singularity at r = 0. Using our aforementioned choice for D,
equation (2.4) becomes R = Φ2∂V(Φ)/∂Φ and it is easy to see that limiting ∂V/∂Φ in the
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high curvature regime (i.e. r → 0, Φ→∞) will result in the limitation of R.
3.2 Interpolating potential construction
With the anzats Φ = 1/αr, and using the above relation for R, we find the low-curvature
asymptotic behavior of the potential
V(Φ) ' 2mα3Φ2 − 2Λ/3Φ when r →∞, Φ→ 0 . (3.15)
In the high curvature regime R→ Rmax, we choose to parametrize the maximum curvature
by `, so that Rmax ∼ 2/`2. In this regime, integrating equation (3.12), leads to:
n(r)→ r
2
`2
− const when r → 0, Φ→∞ . (3.16)
Since Φ→∞, we see that ∂V(Φ)/∂Φ ∝ Φ−2, and therefore
V(Φ) ' 2
`2
1
Φ
when r → 0, Φ→∞ . (3.17)
The following potential correctly interpolates between the above asymptotic regimes (3.15)
and (3.17),
V(Φ) = 2(mα
3Φ2 − Λ/3Φ)
1 +mα3`2Φ3
, (3.18)
While our particular D and V are not unique, they satisfy the appropriate asymptotic be-
haviors and lead to the unique exact solution (3.21).
3.3 Solving the equations of motion
Using this potential in the EOM, equation (3.12) becomes
n′(r) =
2(3mr − r4Λ)
3(`2m+ r3)
, (3.19)
which may be integrated to find the exact analytic solution
Φ(r) =
1
αr
, (3.20)
n(r) =
1
3
(m
`
)2/3(
1 +
`2Λ
3
)
ln
[ r2 − (m`2)1/3r + (m`2)2/3
r20 − (m`2)1/3r0 + (m`2)2/3
(r0 + (m`2)1/3
r + (m`2)1/3
)2 ]
+
2√
3
(m
`
)2/3 (
1 +
`2Λ
3
){
arctan
(2r − (m`2)1/3√
3(m`2)1/3
)
− arctan
(2r0 − (m`2)1/3√
3(m`2)1/3
)}
− Λ
3
(r2 − r20) , (3.21)
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Figure 2: Plot of (3.21), the metric function g00 = n as a function of the radial coordinate
r. In the plots we set m and ` to unity and allow Λ to vary. The spacetime has a black
hole horizon at r = r0 and a cosmological horizon located at r = rc (solid, blue solution,
Λ = .01). By adjusting the value of Λ, the value of rc can be made arbitrarily large. There is
a critical ratio for Λ and m where the two horizons meet (lower dotted, red solution, Λ = .3)
corresponding to the extremal Schwarzschild-de Sitter solution. Setting Λ = 0, reduces our
large r solution for n (cf. 3.14) to the Schwarzschild solution and hence approaches unity at
large r (upper dashed, green solution). The arbitrary solution in dashed orange has Λ = .1.
where we have introduced r0 for the location of the black hole horizon. The function n is
plotted in Fig. 2, for various parameter values. In general the solution has a black hole
horizon and a cosmological de Sitter horizon. Outside of the black hole horizon, for large
r, the solution asymptotically approaches de Sitter space at the minimal limiting curvature
scale given by Λ. Inside the black hole horizon the solution remains everywhere nonsingular
and approaches a spacetime of constant maximum limiting curvature at r = 0 parameterized
by `. This interior solution is conveniently described by the coordinates in Appendix A. The
successful implementation of the extrema curvature conjecture is clearly visualized in a plot
of the Ricci scalar R for the entire range of the radial coordinate (see Fig. 3). Note the
interesting feature that curvature scalar changes sign. This sign change occurs inside the
event horizon and therefore is hidden from the external observer. Thus the entire solution
interpolates between spacetimes of different constant curvatures at the center and at infinity,
separated by the black hole horizon. Further implications of this (and the evaporation
process) will be given in [22].
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Figure 3: Plot of scalar curvature R (3.23) as a function of the radial coordinate r. Parameter
values shown are Λ = 0.1, m = 1, ` = 1. For large values of the radial coordinate the
minimal curvature hypothesis ensures the curvature approaches the minimal curvature de
Sitter spacetime with Ricci scalar Rmin = 2Λ/3 (upper dotted line). As r → 0, the would-be
black hole singularity is replaced by a smooth spacetime with constant maximal curvature
Rmax = −2/`2 (lower dashed line).
For the curious reader, the Ricci scalar computed from the metric (3.6) is:
R =
nn′p′ + p(n′2 − 2nn′′)
2n2p2
. (3.22)
With the choice p = 1/n, together with the solution for n given by (3.21) the curvature
becomes:
R = −n′′ = 2(6mr
3 + Λr6 + `2m(4r3Λ− 3m))
3(`2m+ r3)2
. (3.23)
We emphasize, for the reader who may consider the curvature conjecture to be specula-
tive, that the black hole solution above is an exact solution to the dilaton gravity theory.
The conjecture served merely as a guiding principle to arrive at the desired solution.
4 Conclusions
In this paper we have suggested an extremal curvature conjecture–combining the traditional
maximal curvature conjecture [2] with the minimal curvature conjecture of [19]. Applying
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this principle to bound curvatures at both UV and IR scales, we find a new static, geodesi-
cally complete spacetime solution in two-dimensional dilaton gravity. The exact analytic
solution corresponds to a nonsingular, double-horizon Schwarzschild-de Sitter black hole.
Removing the black hole singularity has drastic consequences for the final nature of black
hole evaporation as shown in [13]. There, the evaporation of the nonsingular black hole
constructed in [7] was analyzed. Removal of the Schwarzschild singularity resulted in an
eternally slowly radiating black hole remnant, suitable as a dark matter candidate. In ad-
dition, the black hole remnant has ample room on the interior to store information, leaving
a possible resolution to the black hole information loss paradox. 1 In the present case the
nonsingular Schwarzschild-de Sitter black hole has two horizons, and we leave a complete
understanding of the evaporation process for future study [21]. The model considered here
corroborates the ubiquitous notion found in the literature that a universe may be born on
the interior of a black hole. A realistic model of this sort, perhaps along the lines of the
discussion in [22], remains an open challenge.
A Coordinates
Near r = 0 and the would-be black hole singularity, we may expand n(r) (3.21) to second
order:
n(r) ' r
2
`2
− const+O(r3) , (1.24)
and setting the constant to unity the metric as r → 0 becomes
ds2 = −
(
r2
`2
− 1
)
dt2 +
dr2(
r2
`2
− 1) . (1.25)
Introducing the new coordinate
χ =
∫ (
r2
`2
− 1
)− 1
2
dr , (1.26)
so that after appropriate rescaling
χ
`
= ln
[
r
`
+
√
r2
`2
− 1
]
. (1.27)
In terms if the new coordiate χ, the line element (1.25) becomes
ds2 = − sinh2
(χ
`
)
dt2 + dχ2 . (1.28)
1A complimentary analysis using the limiting maximal curvature hypothesis applied to a four dimensional
nonsingular black hole was recently conducted in [16].
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